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ABSTRACT
Vector Beams for Fundamental Physics and Applications
by
Giovanni Milione
Advisor: Robert R. Alfano
Lights salient degrees of freedom are the independent parameters that completely de-
scribe an electromagnetic wave (in the paraxial approximation) and include polarization,
wavelength, and time. Most recently, lights space degree of freedom has received sig-
nificant attention via the sub-discipline of optics that can be referred to as complex light
or structured light. The study of complex light is a veritable renaissance of optics; us-
ing lights space degree of freedom many classical optics phenomena have been revisited
with novel results. In this thesis, a novel form of structured light referred to as vector
beams will be investigated. It will be shown that vector beams have properties very much
connected to fundamental physical phenomena. In Chapters 1 and 2, it will be shown that
Laguerre-Gaussian modes and cylindrical vector beams are inherently connected. The con-
nection can be illustrated by their representation on what is referred to as a higher-order
Poincare sphere. In analogy to the representation of linear and circular polarizations on the
well-known Poincare sphere, on the higher-order Poincare sphere, radially and azimuthally
polarized cylindrical vector beams are represented by points on the equator, and orthogonal
circularly polarized Laguerre-Gaussian modes whose azimuthally varying phases have op-
posite handedness are represented by North and South poles. In Chapter 3, it will be shown
that vector beam can be generated using an optical element referred to as a q-plate inside.
Using the q-plate, any state of polarization on the well-known Poincare sphere could be
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converted into any Laguerre-Gaussian mode or cylindrical vector beam on the higher-order
Poincare sphere, effectively breaking the spatial modes degeneracy. In chapters 4 and 5, it
will be shown that vector beams can be used for optical communication, i.e., they can be
used to encode or carry that information. The transmitted vector beams’ spatial patterns
must not change as they propagate so that the information they encode or carry can be re-
ceived with minimal error. Equally important, solutions to the paraxial Helmholtz wave
equation make up a complete and orthogonal set. As solutions to the paraxial Helmholtz
wave equation, with regard to optical communication, the complete and orthogonal set of
vector beams can be used as an ”N” dimensional state space with which to encode data,
or as N channels to carry information. In chapter 6, it will be shown that vector Bessel
beams can be generated by combining liquid crystal q-plates with ”Durnin’s” ring method.
Similar to scalar Bessel beams, it will be shown that the spatially inhomogeneous states of
polarization of vector Bessel beams can self-heal after they are obstructed. The polarization
of vector Bessel beams was measured using Stokes polarimetry before and after they were
obstructed. It will be experimentally verified that their spatially inhomogeneous states of
polarization can self-heal.
v
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62 Introduction
Lights salient degrees of freedom are the independent parameters that completely describe
an electromagnetic wave (in the paraxial approximation) and include polarization, wave-
length, and time. Most recently, lights space degree of freedom has received significant
attention via the sub-discipline of optics that can be referred to as complex light or struc-
tured light. The study of complex light is a veritable renaissance of optics; using lights
space degree of freedom many classical optics phenomena have been revisited with novel
results, e.g., double slit diffraction, the mechanical Faraday effect, and Fermats principle.
Additionally, using lights space degree of freedom the fundamental limits of many optics
applications have been addressed, e.g., the transmission data rate of optical fiber communi-
cation can potentially be increased beyond that single mode optical fibers via space division
multiplexing, and it is possible to image below the diffraction limit via STED microscopy.
Complex manifests itself as spatial modes, i.e., solutions to the wave equation. Spatial
modes are not new. However, they have recently received significant interest from scientific
communities in academia and industry. For example, using spatial modes, the data capacity
limits of single mode optical fibers can be surpassed, which has led to world record optical
fiber data speeds. What exactly are spatial modes? Spatial modes are patterns of light that
are solutions to the wave equation. There are a variety of them because the wave equation
has solutions in various coordinate systems. Well-known examples are Laguerre-Gaussian
modes and Hermite-Gaussian modes. Their names often denote the special mathematical
functions that describe them.
2.1 History
Of all spatial modes, Laguerre-Gaussian modes and cylindrical vector beams have arguably
received the most interest. Why? Laguerre-Gaussian modes carry orbital angular momen-
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tum that is associated with their azimuthally varying phases. This is different than light’s
spin angular momentum (SAM) that is instead associated with light’s circular polarization.
Light with circular polarization was shown to have SAM by Beth in 1936 [6] when a bire-
fringent plate was made to rotate when hit with circularly polarized light. Reversing the
helicity of the polarization resulted in reversing the direction of rotation of the hanging
birefringent plate. Orbital angular momentum has been seen by the rotation of micro-
particles. The ability of Laguerre-Gaussian modes to carry orbital angular momentum was
first realized by Allen et al [7]. Actually, the ability to generate light’s OAM via phase
singularities was first realized by Russian scientists in1990 [8]. In 1988, Tamm considered
a HeNe laser where the careful positioning of an intracavity absorber could encourage the
two modes to frequency lock such that they combined to give a helically phased output
of one particular handedness [9]. The system was further refined, in 1990, such that the
sense of the helical phase was bistable [10]. Simultaneously, spontaneous breaking of the
cylindrical symmetry in the output of a laser beam induced by helical modes was described
by Lugiato et al. in 1989 [11]. This work lead to the identification of ”spatial complexity in
multi-transverse-mode lasers [12] where helical modes play a crucial role in the formation
of phase singularities [13] and in their dynamics [14, 15]. The relevance and importance of
LaguerreGauss modes in laser dynamics was finally formalized by D’Alessandro and Oppo
[16] In parallel with this work on laser modes, Coullet recognized the mathematical sim-
ilarity between the description of helically phased beams and superfluid vortices, thereby
coining the term optical vortex [17].
Lights orbital angular momentum has not only received academic curiosity. There is
growing interest in its use for high-speed free space communication and to enhance the
security of quantum key distribution. Cylindrical vector beams are similar to Laguerre-
Gaussian modes. They have the same amplitudes. However, they do not have orbital angu-
lar momentum. Instead, they have azimuthally varying polarizations. Radial and azimuthal
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polarizations are well-known examples. When focused by a high-numerical aperture lens,
cylindrical vector beams produce strong polarization components along their direction of
propagation. Because of this property, there is growing interest in their use for single
molecule spectroscopy and efficient laser cutting.
2.2 Thesis Statement: What is taught in the field of optics?
In this thesis, it will be shown that vector beams are not trivial spatial modes. It will be
shown that they have properties very much connected to fundamental physical phenomena
such as, Poincare sphere representations and Berry phases. Additionally, it will be shown
that vector beams can be used for applications in optical communication. Specifically, it
will be shown that vector beams can be used to increase the speed of optical communica-
tion.
In Chapters 1 and 2, it will be shown that Laguerre-Gaussian modes and cylindrical
vector beams are inherently connected. The connection can be illustrated by their repre-
sentation on what is referred to as a higher-order Poincare sphere. In analogy to the rep-
resentation of linear and circular polarizations on the well-known Poincare sphere, on the
higher-order Poincare sphere, radially and azimuthally polarized cylindrical vector beams
are represented by points on the equator, and orthogonal circularly polarized Laguerre-
Gaussian modes whose azimuthally varying phases have opposite handedness are repre-
sented by North and South poles.
The interest in Laguerre-Gaussian modes and cylindrical vector beams has been paral-
leled by the development of many methods to generate them. In most methods, they are
generated outside of a laser cavity. Typically, this is accomplished using optical elements
that can give a fundamental Gaussian laser mode the required azimuthally varying phase
or polarization, respectively, but not the correct amplitude. Well-known examples are fork
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diffraction gratings and spiral phase plates (which can be implemented using, for exam-
ple, liquid crystal on silicon spatial light modulators), segmented half-wave plates, and sub
wavelength diffraction gratings. There are fewer methods that can generated cylindrical
vector beams. In Chapter 3, it will be shown that vector beam can be generated using an
optical element referred to as a q-plate inside. Using the q-plate, any state of polarization
on the well-known Poincare sphere could be converted into any Laguerre-Gaussian mode
or cylindrical vector beam on the higher-order Poincare sphere, effectively breaking the
spatial modes degeneracy.
In chapters 4 and 5, it will be shown that vector beams can be used for optical commu-
nication, i.e., they can be used to encode or carry that information. The transmitted vector
beams’ spatial patterns must not change as they propagate so that the information they
encode or carry can be received with minimal error. Equally important, solutions to the
paraxial Helmholtz wave equation make up a complete and orthogonal set. As solutions to
the paraxial Helmholtz wave equation, with regard to optical communication, the complete
and orthogonal set of vector beams can be used as an ”N” dimensional state space with
which to encode data, or as N channels to carry information.
In chapter 6, it will be shown that vector Bessel beams can be generated by combin-
ing liquid crystal q-plates with ”Durnin’s” ring method. Similar to scalar Bessel beams,
it will be shown that the spatially inhomogeneous states of polarization of vector Bessel
beams can self-heal after they are obstructed. The polarization of vector Bessel beams was
measured using Stokes polarimetry before and after they were obstructed. It will be exper-
imentally verified that their spatially inhomogeneous states of polarization can self-heal.
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3 Vector beams as solutions to the paraxial Helmholtz wave
equation
A vector beam is a spatial mode. What is a spatial mode? Analogous to the spatial pat-
tern of a standing wave on a ”picked” guitar string, a spatial mode is a spatial pattern of
light. The spatial pattern is in the plane transverse to a light beam’s direction of propa-
gation. Sometimes, spatial modes are referred to as transverse modes. The words spatial
and transverse differentiate such modes from longitudinal modes in laser cavities that are
instead related to light’s wavelength. Like the standing waves of a guitar string, spatial
modes are solutions to a wave equation; that wave equation is the paraxial Helmholtz wave
equation (in the paraxial approximation). Well known spatial modes are Laguerre-Gaussian
modes. They are solutions to the paraxial Helmholtz wave equation in cylindrical coordi-
nates. Typically, Laguerre-Gaussian modes have states of polarization that are spatially
homogeneous, i.e., they are the same at every point in the light beam’s transverse plane. In
contrast, vector beams have states of polarization that are spatially inhomogeneous - they
are different at every point in the light beam’s transverse plane. Effectively, the spatial
pattern of a vector beam is a pattern of polarization. Canonical examples are radial and
azimuthal polarization.
It is important that vector beams are solutions to the paraxial Helmholtz wave equation.
Why? The paraxial Helmholtz wave equation is a partial differential equation of space and
time. What does this mean? If the spatial pattern of a spatial mode is a solution to the
paraxial Helmholtz wave equation, as space and time change, i.e., the light propagates, the
spatial pattern does not change. This is particularly important in optical communication.
In optical communication, light is used to transmit information from one point in space to
another. In this thesis, it will be shown that vector beams can be used for optical commu-
nication, i.e., they can be used to encode or carry that information. The transmitted vector
11
beams’ spatial patterns must not change as they propagate so that the information they
encode or carry can be received with minimal error. Equally important, solutions to the
paraxial Helmholtz wave equation make up a complete and orthogonal set. As solutions to
the paraxial Helmholtz wave equation, with regard to optical communication, the complete
and orthogonal set of vector beams can be used as an ”N” dimensional state space with
which to encode data, or as N channels to carry information.
The goal of this chapter is to show that vector beams are solutions to the paraxial
Helmholtz wave equation. First, the paraxial Helmholtz wave equation will be derived from
Maxwell’s equations. Then, Laguerre-Gaussian modes, i.e., well-known solutions to the
paraxial Helmholtz wave equation in cylindrical coordinates, will be reviewed. Then, vec-
tor beams will be described as superpositions of orthogonally circularly polarized Laguerre-
Gaussian modes that have opposite handed azimuthally varying phases. Thus, the starting
point of this thesis, as it is in many fields of physics, is Maxwell’s equations.
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3.1 Maxwell’s equations and the paraxial Helmholtz wave equation
In free space, Maxwell’s equations for space and time dependent electric and magnetic
fields are [1]:
r · E = 0, (3.1)
r⇥ E =  µo@B
@t
, (3.2)
r ·B = 0, (3.3)
r⇥B = ✏o@E
@t
, (3.4)
where t is time, E is the electric field, and B is the magnetic field. µo and ✏o are the
magnetic and electric permittivities of free space, respectively. In MKS units, µo = (4⇡)⇥
10 7 [H/m] and ✏o = (1/36⇡) ⇥ 10 9 [F/m]. r is the vector differential operator that
operates on the space dependent parts of E and B. In cylindrical coordinates (r, , z), the
vector differential operator is r(r, , z) = rˆ@r +  ˆ@ /r + zˆ@z where rˆ,  ˆ, and zˆ are unit
vectors in cylindrical coordinates.
The wave equation for the electric field (E) can be derived from Maxwell’s equations
(Eqs. 1.1-1.4) [2]. First, apply the curl operatorr⇥ to both sides of Eq. 1.2:
r⇥ (r⇥ E) = r⇥
⇣
  µo@B
@t
⌘
. (3.5)
Next, the left side of Eq. 1.5 can be replaced by the vector identity r ⇥ (r ⇥ E) =
r(r · E) r2E [3]. Then, using Eq. 1.4, the right side of Eq. 1.5 can be replaced by the
identity r⇥
⇣
  µo@B/@t
⌘
=  µo✏o@2E/@t2. Then, Eq. 1.5 can be re-written as:
r(r · E) r2E =  µo✏o@
2E
@t2
. (3.6)
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Finally, Eq. 1 can be used to simplify Eq. 1.7 (r ·E = 0) and Eq. 1.7 can be re-written as:
r2E+ 1
c2
@2E
@2t
= 0, (3.7)
where  ✏oµo = 1/c2, c being the speed of light in free-space. Eq. 8 is the wave equation
for the electric field (E) in free-space. The wave equation (Eq. 1.7) is a partial differential
equation of which the electric field, being a space and time dependent function, is a solu-
tion E(r, , z; t). The electric field (E(r, , z; t)) can be determined by solving the wave
equation (Eq. 1.7) using the method of separation of variables [3]. The time-dependent
solution is:
E(r, , z; t) = E(r, , z) exp( ı!t), (3.8)
where ! = 2⇡c/ , ! being light’s angular frequency and   being light’s wavelength. By
substituting Eq. 1.8 into Eq. 1.7 , Eq. 1.7 can be re-written as:
(r2 + k2)E(r, , z) = 0, (3.9)
where k2 = !2/c2. In cylindrical coordinates,r2(r, , z) = @rr@r/r+@2 /r2+@2z . Eq. 1.9
is the Helmholtz wave equation. As an ”ansatz”, consider an electric field that is a solution
to the Helmholtz wave equation (Eq. 1.9) given by:
E(r, , z) = u(r, , z) exp(ıkz)✏ˆ. (3.10)
Eq. 1.10 is a wave traveling in the z-direction. The wave’s amplitude, i.e., the electric field
amplitude, is given by u(r, , z). It’s state of polarization is given by ✏ˆ. Note that ✏ˆ is spa-
tially homogeneous, i.e., the state of polarization is not space-dependent. u(r, , z) exp(ıkz)
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is also a solution to the Helmholtz wave equation (Eq. 1.9). u(r, , z) exp(ıkz) can be
determined by plugging it into the Helmholtz wave equation (Eq. 1.9) and then solving
it. Here, the paraxial approximation is considered. The physical meaning of the paraxial
approximation is that the light rays that make up the light beam make small angles with re-
spect to the light beam’ direction of propagation. The most important physical consequence
of the paraxial approximation is that there is a negligible electric field component along the
light beam’s direction of propagation. Mathematically, the paraxial approximation is:
      @2@z2u(r, , z)
     ⌧
      @@xu(r, , z)
     ,
      @@yu(r, , z)
     ,
      @@zu(r, , z)
     . (3.11)
Using the paraxial approximation (Eq. 11), the Helmholtz wave equation (Eq. 10), in
cylindrical coordinates, can be re-written as:
 
1
r
@
@r
 
r
@
@r
!
+
1
r2
@2
@ 2
  2ık @
@z
!
u(r, , z) = 0. (3.12)
Eq. 12 is referred to as the paraxial Helmholtz wave equation.
3.2 Laguerre-Gaussian modes
Solutions to the paraxial Helmholtz wave equation in cylindrical coordinates (Eq. 1.12)
are well known. One example is the “family” of Laguerre-Gaussian modes (u(r, , z) =
LG`,p(r, , z)). Laguerre-Gaussian modes are given by the equation [2]:
LG`,p(r, , z) =
c`,p
w(z)
exp
✓  r2
w2(z)
◆✓
r
p
2
w(z)
◆|`|
L|`|p
✓
2r2
w(z)
◆
exp(ı` )
⇥ exp
✓ ıkr2
2R(z)
◆
exp(ı `,p(z)). (3.13)
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c`,p are normalization constants given by:
c`,p =
 
2|`|+1p!
⇡(p+ |`|)!
!1/2
. (3.14)
w(z) is the light beam’s waist size given by:
w(z) = wo
 
1 +
z
zR
!1/2
, (3.15)
where wo and zR are the light beam’s waist size at z = 0 and Rayleigh length, respectively.
R(z) is the radius of curvature of the light beam’s wave front given by:
R(z) = z
 
1 +
 
z
zR
!2!
. (3.16)
 `,p is the Guoy phase given by:
 `,p = (2p+ |`|+ 1) tan 1
 
z
zR
!
. (3.17)
L|`|p (v(r)) are generalized Laguerre polynomials given by:
L|`|p (v(r)) =
pX
m=0
(p+ |`|)!v(r)
(m+ |`|)!(p m)!|`|! . (3.18)
Generalized Laguerre polynomials (L|`|p (v(r))) are solutions to the equation:
v(r)
d2
dv(r)2
L|`|p (v(r)) + (|`|+ 1 + v(r))
d
dv(r)
L|`|p (v(r)) + pL
|`|
p (v(r)), (3.19)
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where v(r) = 2r2/w2. The first three generalized Laguerre polynomials (L|`|p (v(r))) are:
L|`|0 (v(r)) = 1, (3.20)
L|`|1 (v(r)) = v(r) + |`|+ 1, (3.21)
L|`|2 (v(r)) =
v2(r)
2
  (|`|+ 2)v(r) + (|`|+ 2)(|`|+ 1)
2
. (3.22)
Intensity images and azimuthally varying phases of Laguerre-Gaussian modes are plotted
in Fig. 1-1.
3.3 Vector beams
Superposition of solutions to the paraxial Helmholtz wave equation (Eq. 1.12) are also so-
lutions. Consider the superposition of orthogonally circularly polarized Laguerre-Gaussian
modes of opposite handed azimuthally varying phases (Fig. 1.2):
E+(r, , z) = LG+`,p(r, , z)
0B@ 1
 ı
1CA+ LG `,p(r, , z)
0B@ 1
 ı
1CA (3.23)
E (r, , z) = LG+`,p(r, , z)
0B@ 1
 ı
1CA  LG `,p(r, , z)
0B@ 1
 ı
1CA . (3.24)
The phase of each circular polarization at an azimuthal position  o is exp(+ı` o) and
exp( ı` o). At that azimuthal position  o, the angle of orientation of the linear state of
polarization is ` o. Therefore, as can be seen in Fig. 1.2, a vector beam has a spatially
inhomogeneous state of polarization that has an azimuthally varying state of polarization.
Using Euler’s identity cos(` ) = exp(+ı` )+exp( ı` )/2 and sin(` ) =  ı exp(+ı` ) 
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Figure 3.1: Intensity images and azimuthally varying phases of Laguerre-Gaussian modes
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exp( ı` )/2, Eq.
E(r, , z) = f|`|,p(r, z)V`( ), (3.25)
where
f|`|,p(r, , z) =
c`,p
w(z)
exp
 
 r2
w2(z)
! 
r
p
2
w(z)
!|`|
L|`|p
 
2r2
w(z)
!
⇥ exp
 
 ıkr2
2R(z)
!
exp(ı `,p(z)), (3.26)
and
V`, ( ) =
0B@ cos(` +  )
  sin(` +  )
1CA (3.27)
where ` = (0,±1,±2, ...) and   = 0, ⇡/2.
A wave equation for the magnetic field B˜ can be similarly derived.
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Figure 3.2: Superpositions of orthogonally circularly polarized Laguerre-Gaussian modes
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4 Higher-order Poincare sphere and Pancharatnam-Berry
Phase
Polarization is one of lights most salient features, even more so than its spectral or coher-
ence properties. A prominent geometric representation of polarization came in 1892 when
Poincare showed that the state of polarization (SOP) of a light beam can be described as
a point on the surface of a unit sphere now known as the Poincare sphere (PS). The PS
unifies all of the fundamental polarization descriptors, where the SOP as represented by a
complex Jones vector is mapped to the spheres surface through the Stokes parameters (SPs)
as the spheres Cartesian coordinates. This geometric connection provides not only remark-
able insight into but also greatly simplifies otherwise complex polarization problems, and
as a result has become an ubiquitous device with which to treat polarization phenomena in
numerous and varying fields.
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Figure 4.1: Poincare´ sphere representation for plane wave states of polarization. The poles
represent right and left circular polarization, the equator linear polarization, and intermedi-
ate points between the poles and equator elliptical polarization. The northern and southern
hemispheres separate right (red) and left (blue) handed ellipticity. Antipodal points are
orthogonal, and any state of polarization is given as their linear combination.
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Despite this powerful utility, the SOPs represented by the PS in its current form are lim-
ited to the simplest and most fundamental homogenous plane wave solutions of Maxwells
vector wave equation. Most recently there has been increasing interest in higher-order so-
lutions which admit spatially inhomogeneous SOPs such as in the cylindrically symmetric
coordinate systems of laser cavity resonators and fiber optic waveguides. Of particular
interest are the vectorial vortex (VV) beams also referred to as spirally polarized beams
such as radial and azimuthal polarized cylindrical vector (CV) beams and their optical
fiber analogs the TM01 and TE01 fiber modes, respectively. They extend the properties of
more conventional plane wave SOPs such as in their ability to produce strong longitudinal
field components and smaller waist sizes upon focusing by high numerical aperture objec-
tives. This has been exploited in applications such as spectroscopy, particle acceleration,
microscopy and optical trapping, to name a few. These higher-order SOPs also naturally
arise in crystal optics, Mie scattering, cosmic background radiation, and are related to the
C-point organizing symmetries in the field of singular optics. As such, a representation of
the VV beams in the framework of the PS would offer great utility.
In this chapter, it is shown that the PS can be extended to a higher-order PS repre-
sentation of the higher-order SOPs of VV beams. Higher-order SPs are also derived and
discussed. The salient properties of this higher-order representation are discussed and its
utility demonstrated in its ability to describe the higher-order modes of optical fiber waveg-
uides, other exotic vector beams, and a higher-order Pancharatnam-Berry geometric phase
(GP).
4.1 Higher-order Stokes parameters
The PS elucidates the rich connection between optical AM and a light beam’s SoP. As sug-
gested by Poynting and demonstrated by Beth [6] light can possess a SAM of  ~ (  = ±1)
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per photon associated with circular polarization (CP). The poles of the PS then repre-
sent the optical SAM eigenstates, which in turn form the constituent components of any
plane wave SoP. Light can carry in addition to it’s SAM a higher dimensional OAM of
`~ (` = ±1,±2,±3, ...) per photon associated with a helical wavefront described by the
azimuthal phase factor exp(±ı`') called an optical vortex (OV), ' = arctan(y/x) being
the azimuthal coordinate [7]. The integer ` is referred to as the topological charge and
describes the number of the vortice’s 2⇡ helical phase windings in one wavelength. For
paraxial light beams, the SAM and OAM are additive, with a total optical AM per pho-
ton of J = (` +  )~. The SoPs of VV beams are linear combination of orthogonal CP
OVs of opposite topological charge where the constituent components are eigenstates of
the total optical AM. For a monochromatic paraxial light beam this can be represented as a
two-dimensional Jones vector given by the equation:
| `i =  `R |R`i+  `L |L`i , (4.1)
with respect to the orthonormal circular polarization basis {R`, L`} [?] such that:
|R`i = exp( ı`')(xˆ+ ıyˆ)/
p
2, (4.2)
|L`i = exp(+ı`')(xˆ  ıyˆ)/
p
2. (4.3)
Eq. 1 and Eq. 2 represent a right circular polarized (RCP) and left circular polarized
(LCP) OV of topological charge  ` and +`, respectively. Eq. 1 can also be expressed with
respect to the horizontal/vertical polarization basis {H`, V`} through the relations |H`i =
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(|R`i+ |L`i)/2 and |V`i =  ı(|R`i   |L`i)/2 where:
|V`i = cos(`')xˆ+ sin(`')yˆ, (4.4)
|H`i =   sin(`')xˆ+ cos(`')yˆ, (4.5)
with coefficients  `H = ( `R +  `L) and  `V = ı( `R    `L), as well as the diagonal/anti-
diagonall polarization basis {D`, A`} through the relations |D`i = (|H`i + |V`i)/
p
2 and
|A`i = (|H`i   |L`i)/
p
2 where:
|D`i = cos(`'+ ⇡/4)xˆ+ sin(`'+ ⇡/4)yˆ, (4.6)
|A`i = sin(`'+ ⇡/4)xˆ  cos(`'+ ⇡/4)yˆ, (4.7)
with coefficients  `D = ( `H +  `V )/
p
2 and  `A = ( `H    `V )/
p
2. For ` = 0, the bases of
Eq. 2.2 - Eq. 2.7 reduce to the standard plane wave SoP bases. For `   1, the VV beam of
Eq. 1 is characterized by the existence of an on axis polarization singularity of topological
charge ` referred to as a V-point [?]. Beams of this nature include vector Laguerre-Gaussian
(LG`p) laser modes, even those of higher radial order (p   1) [?, ?].
Normalized higher order SP in the circular basis of Eq. 2.2 and Eq. 2.3 are given by
[1]:
S`0 = | hR`| i |2 + | hL`| i |2 = | `R|2 + | `L|2 (4.8)
S`1 = 2<(hR`| i⇤ hL`| i) = 2| `R|| `L| cos  (4.9)
S`2 = 2=(hR`| i⇤ hL`| i) = 2| `R|| `L| sin  (4.10)
S`3 = | hR`| i |2   | hL`| i |2 = | `R|2   | `L|2 (4.11)
where   = arg( `R)  arg( `L) and (S`0)2  (S`1)2+(S`2)2+(S`3)2. A fully polarized beam
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is considered such that S`0 = 1, yet this formalism may describe unpolarized or partially
polarized VVBs where S`0 < 1 . For ` = 0, the SP components of Eq. 8 -Eq. 11 reduce
to the standard plane wave SP components. S`0 represents the total beam intensity where
| `R|2 and | `L|2 are the intensities of Eq. 2 and Eq. 3, respectively, and S`3 the beam
content of each. This equivalently represents the overall degree of ellipticity of the VV
beam analogous to the degree of ellipticity of a plane wave SoP described by the standard
SPs. S`1 and S`2 contain the relative phase information   between the RCP OV and LCP OV
of Eq. 2.2. and Eq. 2.3, respectively. This equivalently represents the relative polarization
orientation of the VV beam analogous to the orientation of a plane wave SoP described by
the standard SPs.
Experimental measurement of the higher order SPs can be carried out analogous to the
technique of Stokes Polarimetry for the standard SPs, which is effectively a measurement of
the optical SAM content of a beam using a linear polarizer and quarter wave plate. For the
higher order SoPs of VV beams, the optical OAM associated with the topological charge
of the OVs must also be measured. This can be accomplished using conventional optical
elements such as a ⇡/2 cylindrical lens mode converter and fork diffraction grating to
perform the equivalent operation of the linear polarizer and quarter wave plate, respectively.
The VV beams form a direct product space between the optical SAM and OAM subspaces
and therefore their experimental measurement through the higher order SPs requires their
decomposition into these parts. A detailed analysis of this experimental measurement is
the subject of a future paper. It should be noted that the V-point polarization singularity of
the VV beams results in an on axis intensity null. Eq. 2.8 - Eq. 2.11 takes this into account
through the measurement of the topological charge of the OVs proposed above. The higher
order SPs then may offer an additional way to describe polarization singularities beyond
the standard SPs.
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Figure 4.2: Higher order PS representation for (|`| 6= | | ; ` = +1): The poles (2✓,±⇡/2)
represent orthogonal CP ` = ±1 OVs . Equitorial points (✓, 0) represent generalized CV
beams [84] including the horizontal/vertical basis of Eq. 4 and Eq. 5, (0, 0) and (⇡, 0) that
represents radial and azimuthal or equivalently the the TM01 and TE01 fiber modes, respec-
tively, and the diagonal/antidiagonal basis of Eq. 6 and Eq. 7, (⇡/2, 0) and (3⇡/4, 0), that
represents spiral polarization. Intermediate points between the poles and equator represent
elliptically polarized CV beams.
4.2 Higher-order Poincare sphere
The higher order PS is constructed using S`1,S`2,and S`3 as the sphere’s cartesian coordinates
with S`0 the unit radius from the origin and the sphere’s spherical angles (2✓, 2 ) given by:
2✓ = tan 1(S`2/S
`
1), (4.12)
2' = sin 1(S`3/S
`
0). (4.13)
The resulting sphere describes a higher order VV SoP at each point (2✓, 2 ) along the
surface where the sphere’s poles represent CP OVs - the total optical AM eigenstates, the
equator represents VV SoPs that are linear polarized everywhere, and intermediate points
between the poles and equator represent elliptically polarized VV SoPs. This higher order
PS has two salient features:
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1. For ` = 0 the higher order PS reduces to the standard plane wave PS, which is only
a zeroth order representation.
2. For `   1 The OV and CP handedness of each pole can be in the same, |`| = | |,
or opposite, |`| 6= | |, sense and therefore in the higher order basis two spheres must be
described.
This is illustrated in Fig. 2 and Fig. 3 for ` = ±1 higher order PSs . For ` = +1 shown
in Fig. 2, the higher order PS can completely characterize a general CV beam SoP such as
radial and azimuthal polarization which is equivalent to the TE01 and TM01 fiber modes.
For ` =  1 shown in Fig. 3, the higher order PS can describe the so-called ⇡-vector beams
which is equivalent to the HEodd21 and HEeven21 fiber modes. This representation holds for
spheres of ` > | ± 1|.
The utility of the higher order PS is illustrated by it’s ability to describe the higher order
polarization phenomenon of an optical fiber waveguide. Considering a weakly guiding,
step index, circular core fiber that supports up to the LP01 mode, excitation of all the modes
within the fiber can be expressed in terms of Eq. 4 and Eq. 5 as:
X
`
| `i =
`=+1X
`= 1
( `H |H`i+  `V |V`i) (4.14)
where |H0i = HEodd11 , |V0i = HEeven11 , |V+1i = TE01, |H+1i = TM01, |V 1i = HEodd21 ,
and |H+1i = HEeven21 . Representation by the higher order PS of Eq. 14 is accomplished
by using a superposition of spheres for ` = 0, ` = +1, and ` =  1. The state | `i
on each sphere represents a linear combination of the respective fiber modes, where | `H |
and | `V | are interpreted as amplitude of each fiber mode, and arg( `H) and arg( `L) their
propagation constants. This can be measured at the fiber output through the measurement
of the higher order Stokes parameters. This same approach may be used to represent more
exotic vector beams such as the Full Poincare beams, hybrid vector beams, or double-
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Figure 4.3: Higher order PS representation for (|`| = | | ; ` =  1): The poles (2✓,±⇡/2)
represent orthogonal CP ` = ±1 OVs Equitorial points (2✓, 0) represent ⇡-vector beams.
The horizontal/vertical basis of Eq. 4 and Eq. 5, (0, 0) and (⇡, 0), represent ⇡-radial and ⇡-
azimuthal vector beams, respectively, and equivalently theHEodd21 andHEeven21 optical fiber
modes. Intermediate points between the poles and equator describe elliptically polarized
⇡-vector beams.
mode vector beams. This representation may fall short of representing any arbitrary vector
beam such as those with radial-variant SoP. While these beams are novel in of themselves,
they need not apply to this representation because their constituent components are not
eigenstates of the total optical AM.
4.3 Higher-order Poincare Pancharatnam-Berry Phase
Since its exposition by Berry in 1984 the Berry phase, or geometric phase, the phase ac-
quired by a quantum mechanical eigenstate undergoing a cyclic transformation in its pa-
rameter space, has become a fundamental and unifying physical concept in numerous and
varying fields. Berry’s result was in fact the generalization of an earlier result by Pancharat-
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nam in 1955 in the context of the state of polarization (SOP) of a light beam, often referred
to as the Pancharatnam-Berry (PB) phase. The novelty of Pancharatnam’s result is in his
use of the underlying parameter space of the Poincare sphere (PS). The PS is the geometric
representation of a SOP by a point on the surface of a unit sphere where the poles repre-
sent right circular polarization (RCP) and left circular polarization (LCP), equitorial points
linear polarization, and intermediate points between the poles and equator elliptical polar-
ization [?]. The cyclic transformation of the SOP, equivalent to a closed circuit on the PS
surface, results in a phase directly proportional to half the area ⌦/2 enclosed. The purely
geometric nature of the Pancharatnam-Berry phase exhibits a robustness and even achro-
maticity that contrasts the sensitivity of dynamic phase, and has therefore found numerous
applications in the both classical and quantum optics.
In an elegant framework Berry showed an eigenstate | (R)i after undergoing a cyclic
transformation over a circuit C with respect to its parameters R acquires, upon return to
it’s intial state, an additional phase given by [?]
 (C) =  
Z Z
C
dS ·V(R), (4.15)
whereV(R) = rR⇥A plays the role of a ’magnetic field’ in the parameter space referred
to as the Berry curvature,A = ı h (R)|rR (R)i is the associated vector potential referred
to as the Berry connection, and rR is a gradient with respect to the parameters. The GP is
interpreted as the flux of V through a surface S enclosed by the circuit C. With respect to
the parameter space of the HOPS | (R)i is given by
| (✓,')i = cos(✓/2) |R`i exp(ı '/2) (4.16)
+sin(✓/2) |L`i exp( ı '/2)
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Figure 4.4: Experimental setup.
where |R`i = (xˆ + ıyˆ) exp(ı`'/2)/
p
2 and |L`i = (xˆ   ıyˆ) exp( ı`'/2)/
p
2 are eigen-
states of the total optical AM, as represented by the poles, with the azimuthal phase factor
exp(±ı`'/2) an optical vortex of topological charge ` = 0,±1,±2,±3, .., the optical
OAM eigenstates, and (xˆ ± ıyˆ)/p2 right and left circular polarization corresponding to
  = ±1, the optical SAM eigenstates. The factor of 1/2 in exp(±ı`'/2) is a consequence
of exploiting the 2! 1 homomorphism between the physical SU(2) space of the light beam
and the topological SO(3) space of the HOPS where a rotation of '/2 about the beam axis
is equivalent to a rotation of ' in the equitorial plane of the HOPS. Using Eq. 2 andrR =
r(⇢, ✓,') as a gradient in spherical coordinates each component of the Berry connection
A can be evaluated where it’s components are given by A⇢ = h (✓,')|ı@⇢ (✓,')i /⇢,
A✓ = h (✓,')|ı@✓ (✓,')i, and A' = h (✓,')|ı@' (✓,')i /⇢ sin ✓. There is no ⇢ depen-
dence on | (✓,')i and it is easily shownA⇢ = 0. SimilarlyA✓ =  ı cos(✓/2) sin(✓/2)/2 
ı cos(✓/2) sin(✓/2))/2 = 0. The remaining component A' has an explicit dependence on
' due to exp(±ı(`+  )'/2). Taking the derivative ı@', which resembles the optical OAM
operator, gives A' =  (`+  )(cos2(✓/2)  sin2(✓/2))/2⇢ sin ✓ where the resulting Berry
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connection is A =  (` +  ) cos ✓'ˆ/2⇢ sin ✓. The only non zero component of the Berry
curvature, the curl V = r(⇢, ✓,')⇥A, is V✓ = @✓(sin ✓A')/⇢ sin ✓. The Berry curvature
is then given by V = (` +  )⇢ˆ/⇢2. Finally, taking dS = ⇢2 sin ✓d⇢d✓d'⇢ˆ and evaluating
the integral of Eq. 1 where
R 2⇡
0
R ⇡
0 sin ✓d⇢d✓d' = ⌦, the HOGP is shown to be
 (C) =  (`+  )⌦/2, (4.17)
where ⌦ is the surface area on the HOPS encompassed by the closed loop path C. Eq.
3 shows the HOGP is directly proportional to the total optical AM, a sum of the optical
SAM and OAM. This is the seminal result of this paper which is a verification of Eq. 15
of. The HOGP is a generalization of other GPs. For the case of ` = 0 Eq. 3 reduces to
the Pancharatnam phase. For the case of   = 0, a scalar field, Eq. 3 confirms the result
of Galvez et. al. in the context of the orbital PS of first order laser modes (` = ±1)
[?] and parallels the result of Bliokh et. al. for AM baring light in the space of spin-
redirection. Berry interpreted the magnetic fieldV to be that of a monopole centered at the
conventional PS origin. The Berry curvature in the context of the HOGP is interpreted as
monopole centered at the HOPS origin whose flux is quantized in terms of and proportional
to the total optical AM.
To experimentally measure the HOGP a closed loop path on the HOPS corresponding
to the geodesic triangle ABA is considered as shown in Fig. 1(e). A circular polarized
(CP) OV baring Laguerre-Gaussian (LG`0) mode at A, given by | (✓,')i = |R`i, is ex-
perimentally generated according to Fig. 1. A linear polarized (LP) TEM00 mode from a
He-Ne laser (632 nm, 5 mW ) is expanded and collimated to a waist of ⇠ 5 mm and con-
verted into a LP LG`0 mode, in the first diffraction order of it’s far field diffraction, selected
by an aperture (A), by a programmable spatial light modulator (SLM) (Holoeye LC-720)
displaying a programmable blazed forked grating (a) that controls the topological charge
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` and associated optical OAM [?]. A modified Mach-Zender interferometer comprised of
two beam splitters (BS) and a mirror (M), through an odd number of reflections, generate
a LG `0 mode (the reference beam). In the other arm of the interferemoetr a HWP rotates
the LP of the LG`0 mode to be orthogonal to LG
 `
0 (c). The circular polarization and as-
sociated optical SAM of the LG±`0 modes is controlled with a quarter wave plate (QWP)
creating the orthogonal states |R`i and |L`i which pass through SOC 1 and SOC 2, a linear
polarizer (P), and then are imaged onto a CCD camera. The ⇡CL mode converters of SOC
1 and SOC 2 consist of two CLs of focal length f = 5mm spaced 2f apart (d). The corre-
sponding transformations of ABA illustrated by the HOPS (e) Interferograms produced by
P (f)
Intensity images ofLG`0 modes for values of J = (`+ ) for ` = 1 to ` = 3 and   = ±1,
as recorded with a CCD camera, are shown in the first column of Fig. 2(a). The physical
transformations are carried out using two converters, SOC 1 and SOC2, comprised of the
combination of a half wave plate (HWP) and ⇡-cylindrical lens (⇡CL) mode converter as
shown in Fig. 1(d). The HWP and ⇡CLmode converter transforms the incident CP OV into
an orthogonal CP OV of opposite topological charge. SOC 2 is rotated with respect to SOC
1 an angle  ' which is defined as an equal rotation of each ⇡CL mode converter and the
HWP individually and equivalent to the solid angle 2 ' given by 2 ' = ⌦/2 where ⌦ is
the surface area enclosed by ABA. Upon traversing ABA the beam acquires the additional
HOGP given by |R0`i = |R`i exp(ı ) which must be measured interferometrically using a
modified Mach-Zender interferometer.
Eq. 4 is an interferogram characterized by a '-dependent fringe pattern consisting of
2` lobes. For a constant ↵ the interferogram is modulated by twice the GP. Using Eq. 3 and
2 ' = ⌦/2 2  can be expressed by 2  = (`+  )4 '. When 2  is an integer multiplem
of 2⇡ a fringe shift occurs which is observable as a rotation of the lobes. Experimentally
generated interferograms, as recorded with a CCD camera, for 2  = 0, ⇡/2, ⇡, 3⇡/2, 2⇡,
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Figure 4.5: Experimental Data: (a) Table of experimentally recorded interferograms pre-
dicted by Eq. 4 for 2  = 0, ⇡/2, ⇡, 3⇡/2, 2⇡ for an m = 1 rotation of  '. (b) Theoretical
(red) and experimental (blue) plot of Eq. 5 form = 10. Crosses represent sgn(`) = sgn( )
and circles represent sgn(`) 6= sgn( ). Error bars are smaller than the markers.
m = 1, and varying values of J = (` +  ) are shown in Fig 2(a). The dependence of the
HOGP on the total optical AM can be expressed by
 ' = m⇡/2(`+  ). (4.18)
To verify Eq. 5 LG`0 modes for values of J = (` +  ) for ` = 1 to ` = 5 and   = ±1
are generated and SOC 2 is rotated until m = 10 fringe shifts are observed with  '
recorded. The reference beam being orthogonal allows simultaneous measurement of  J
by interpreting a rotation   ' or a  m fringe shift. Experimental measurements, which
are repeated multiple times with similar results found for each trial, and theoretical plots of
Eq. 4 are shown in Fig. 2(b) showing excellent agreement and verifying the proportionality
of the HOGP to the total optical AM.
Other cyclic transformations on the HOPS, such as between CP OVs at the poles and
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vector vortex beams at the equator, may be possible using optical elements that are anal-
ogous to a QWP on the conventional PS such as liquid crystal q-plates, sub-wavelegnth
diffraction gratings, or uniaxial crystals. Analysis of these transformations as well those
of this experiment can be carried out using a corresponding Jones matrix formalism where
SOC1 and the rotation of SOC 2 are represented by modified Jones matrices and rotation
matrices. This formalism has also been used to analyze the rotational frequency shift (RFS)
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Figure 4.6: Instantaneous field distributions for CP OVs for values of J = (` +  ). Red
lines are the axis of symmetry of the field.
of a light beam which on the conventional PS for optical SAM has been interpreted as an
evolving GP [?]. The proportionality of the HOGP to the total optical AM parallels the
RFS which can be similarly interpreted as a time evolving HOGP on the HOPS. In this
context the rotational symmetry of a CP OV field is physically responsible for the HOGP
where a rotation of the beam is equivalent to a phase shift. Instantaneous field distributions
for CP OV beams for values of J = (` +  ) corresponding to the interferograms of Fig.
2(a) are shown in Fig. 3. When J = 0 (` = 1,   =  1) the field has 0-fold rotational
symmetry and   = 0. J = 2 corresponds to both (` = 1,   = 1) and (` = 3,   =  1), both
having 2-fold rotational symmetry and the   =  ⌦. In general, a field that is an optical
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AM eigenstate has a corresponding J-fold rotational symmetry. Fields with the same value
of J have the same rotational symmetry and HOGP of   =  J⌦/2 though different values
of (`,  ) confirming the dependence of the HOGP to the total optical AM.
A recent experiment to sort the total AM states of single photons is an example of the
HOGP. In this experiment an interferometer the In this case the HOGP acts as the analog
of a topological phase gate for the total angular momentum degree of freedom.
Additionally, the rotational symmetry associated with the vortex like nature of the light
field may have analogs outside the realm of optics where other quantized vortices are
found such as superconductors and topological insulators, vortex baring electron beams,
and Bose-Einstein Condensates where the manifestation of a HOGP as an enhanced GP
may be found. Exploiting the robust geometric nature of the HOGP may lead to a number
of novel application in optics and the electronic properties of materials.
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5 Generating vector beams
5.1 Liquid crystal q-plates
There are many methods to generate vector beams including the use of metasurfaces and
optical fibers [100, 101, 102, 103]. Here, we use a q-plate [104]. A q-plate is a liquid
crystal technology comprising of a thin layer of liquid crystal molecules in-between two
thin glass plates. The orientation of the liquid crystal molecules is described by q , where
  is the azimuthal coordinate, and q is a half integer. A q = 1/2 q-plate is schematically
shown in Fig. 1(c). Effectively, a q-plate is a half wave plate with an azimuthally varying
fast axis that can be represented by the Jones matrix [105]:
Qˆ =
0B@ cos 2q  sin 2q 
sin 2q    cos 2q 
1CA . (5.1)
Using Jones calculus, it can be easily shown, for a q = 1/2 q-plate, horizontal (vertical)
polarization can be converted into radial (azimuthal) polarization [106]. In general, a q-
plate converts any state of polarization on the Poincare sphere to a higher-order state of
polarization on the higher-order Poincare sphere [107, 108]. The q-plate is also “tunable”;
the amount of the incident light’s power converted to radial or azimuthal polarization is
directly controlled, i.e., tuned, via a voltage over the q-plate. For   ⇠ 633nm, when the
voltage over the q-plate is Vo ⇠5 volts, no light will be converted to radial (azimuthal)
polarization, i.e., the light remains linear polarized. When the voltage over the q-plate
is Vv ⇠2.3 volts, all of the incident light’s power will be converted to radial (azimuthal)
polarization [109, 110].
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Figure 5.1: Liquid crystal q-plates
5.2 Vector beam spectrum
In this section, a method to experimentally measure the vector beam spectrum of an arbi-
trary light field, i.e., the power of each vector beam comprising the light field, is presented.
This method is based on experimentally measuring the light field’s spatially inhomoge-
neous state of polarization via Stokes polarimetry. As a proof of principle, the vector beam
spectra of four vector beams, as experimentally generated via liquid crystal q-plates, were
experimentally measured.
The electric field of a vector beam is a solution to the wave equation [22, 23, 24]:
E˜`, (r, ) = f(r)V˜`, ( ). (5.2)
(r, ) are cylindrical coordinates and f(r) is a solution to the radial part of the wave equa-
tion, e.g., Bessel-Gaussian [54], or Laguerre-Gaussian functions. Without loss of gener-
ality, the time and z-dependence is not shown. V˜`, ( ) is a Jones vector describing the
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Figure 5.2: (a) Experimental setup as described in the text (b) I0(r, ), I45(r, ), I90(r, ),
and I135(r, ) and S0(r, ), S1(r, ), S2(r, ), and |S3(r, )| for a V˜+1,0 vector beam, and
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+1 , V˜0 1, and V˜
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 1 vector beams
spatially inhomogeneous state of polarization of a vector beam [55]:
V˜`, ( ) =
0B@ cos(` +  )
sin(` +  )
1CA , (5.3)
where ` = 0,±1,±2, ... and   = 0, ⇡/2. V˜+1,0 and V˜+1,⇡/2 are radial and azimuthal po-
larization, respectively. As vector beams are solutions to the wave equation, they comprise
a complete and orthogonal basis of spatial modes; a an arbitrary light field with a spatially
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inhomogeneous (vector) state of polarization can be described as a linear combination of
vector beams:
E˜(r, ) =
X
`, 
c`, (r)V˜`, ( ), (5.4)
where the summation is over all ` and  . c`, (r) are complex coefficients being the phase
and relative amplitude of each vector beam where
P
`,  |c`, (r)|2 = 1. |c`, (r)|2 is the
power of each vector beam given by the overlap integral:
|c`, |2 =
    Z r
0
rdr
Z 2⇡
0
d E˜(r, ) · V˜?`, ( )
   2. (5.5)
The spectrum of powers of vector beams comprising an arbitrary light field is referred to
here as the light field’s vector beam spectrum.
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Figure 5.3: Overlap integral
The vector beam spectrum of an arbitrary light field can be experimentally measured by
determining the power of each vector beam comprising the light field, i.e., evaluating the
overlap integral of Eq. 3.4. The overlap integral can be evaluated by first experimentally
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measuring the electric field of Eq. 3.3 via Stokes polarimetry where Eq. 3.3 is equivalently
described by the Jones vector [111]:
E˜(r, ) = |E(r, )|
0B@ cos( (r, ))
sin( (r, )) exp(ı (r, ))
1CA . (5.6)
 (r, ) and  (r, ) are the angle of orientation and ellipticity of the light beam’s spatially
inhomogeneous state of polarization at every spatial point (r, ) [111]:
 (r, ) =
1
2
tan 1
 
S2(r, )
S1(r, )
!
, (5.7)
 (r, ) = tan 1
 
S3(r, )
S2(r, )
!
. (5.8)
S0(r, ), S1(r, ), S2(r, ), and S3(r, ) are the Stokes parameters [111]:
S0(r, ) = I0(r, ) + I90(r, ), (5.9)
S1(r, ) = I0(r, )  I90(r, ), (5.10)
S2(r, ) = I45(r, )  I135(r, ), (5.11)
|S3(r )| =
p
(S0(r, ))2   (S1(r, ))2   (S2(r, ))2.
(5.12)
I0(r, ), I45(r, ), I90(r, ), and I135(r, ) are the intensities of the light beam when ana-
lyzed by a linear polarizer (LP) whose transmission axis is oriented 0o, 45o, 90o, and 135o,
respectively, with respect to the lab table. Effectively, Eq. 3.5 can be determined via ex-
perimental measurement of these four intensities. Note, |E(r, )| = (S0(r, ))1/2 and a
5.2 Vector beam spectrum 41
fully polarized light field is considered such that (S0)2 = (S1)2 + (S2)2 + (S3)2; here, it is
qualitatively sufficient to imply |S3(r, )| via Eq. 3.11.
As a proof of principle, the vector beam spectra of four vector beams, V˜+1,0, V˜+1,⇡/2,
V˜ 1,0, and V˜ 1,⇡/2, were determined. In general, there are a wide variety of methods to
generate vector beams, such as, using a spun elliptical core optical fiber [101], and a multi-
elliptical core optical fiber [102, 103]. Here, the four vector beams were experimentally
generated using a q-plate [39, 60].
A q-plate is a liquid crystal technology comprising a thin layer of patterned liquid crys-
tal molecules in-between two thin glass plates. The pattern is described by q  where q is a
half-integer. Effectively, using a q-plate, the linear/horizontal polarization of a fundamental
mode from a single mode optical fiber (SMF) can be converted into V˜2q,0 / V˜2q,⇡/2 vector
beams, respectively, as described by a higher-order Poincare sphere [107, 108]
The experimental setup is shown in Fig. 3.1. The fundamental mode of an SMF at
  ⇠633nm was collimated to a beam waist of ⇠5mm using a 1cm focal length lens and
made to propagate through a q-plate. q =  1/2 and q = +1/2 plates were fabricated and
used. The fabrication details can be found in [43]. The spatially inhomogeneous states
of polarization of each vector beam was experimentally measured via Stokes polarimetry
similar to [112]. A linear polarizer (LP) was placed before the q-plate and was used to
make the polarization of the fundamental mode of the SMF horizontal / vertical such that
it was converted into V˜+1,0 / V˜+1,⇡/2 and V˜ 1,0 / V˜ 1,⇡/2 vector beams via the q=+1/2 and
q=-1/2 plates, respectively, as described above. In the far-field, each resulting vector beam
was analyzed by another LP, and its resulting intensity was experimentally measured using
a CCD camera (Thorlabs). I0(r, ), I45(r, ), I90(r, ), and I135(r, ) were experimentally
measured for each vector beam (Fig. 1a), and are shown in Fig. 2 for a V˜+1,0 vector beam.
Then, using a computer (CPU), S0(r, ), S1(r, ), S2(r, ), and S3(r, ) were determined
computationally via Eq. 3.8, Eq. 3.9, Eq. 3.10, and Eq. 3.11, respectively (Fig. 3.1b).
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S1(r, ), S2(r, ), and S3(r, ) are shown in Fig. 3.2 for a V˜+1,0 vector beam. Then,  (r, )
and | (r, )| were determined computationally via Eq. 3.6 and Eq. 3.7, respectively (Fig.
1c).  (r, ) and | (r, )| for all four vector beams are also shown in Fig. 3.2.
The vector mode spectrum for each vector beam was then determined by computation-
ally evaluating the overlap integral of Eq. 4. In the overlap integral,E(r, )was determined
computationally using the results of Stokes polarimetry via Eq. 5. V`, ( ) was computa-
tionally generated for all values of ` and  . The resulting vector beam spectra for V˜+1,0,
V˜+1,⇡/2, V˜ 1,0, and V˜ 1,⇡/2 vector beams as experimentally generated using the q-plates
are shown in FIg. 3.3.
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Figure 5.4: Vector beam spectra
In conclusion, a method to determine the vector beam “spectrum” of a light beam, i.e.,
the power of each vector beam comprising the light beam, was presented. This method
is based on experimentally measuring the light beam’s spatially inhomogeneous state of
polarization via Stokes polarimetry in concert with computational evaluation of an overlap
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integral, i.e., the projection of all vector beams onto the light beam. As a proof of principle,
the vector beam spectra of four vector beams, as experimentally generated via liquid crystal
q-plates, were experimentally measured.
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6 Encoding information using vector beams
Optical communication is simple. Light is used to transmit information from one point
in space (Tx) so that it will be received at another point in space (Rx). Typically, this is
accomplished by modulating the light to be a sequence of pulses. The use of light pulses for
optical communication is as old as the Battle of Marathon in Ancient Greece. The invading
Persian army signaled to shore from their ships by reflecting sunlight from their shields. In
modern optical communication, the number of light pulses that are transmitted per second
is referred to as the baud rate. “Off the shelf” devices are available that can produce light
pulses at 10 Gbaud (1010 pulses per second).
The interesting aspect of optical communications is encoding. The transmitted light
pulses must be encoded with the information. Encoding is the process of using the “states”
of the light pulses to represent the information (Fig. 4.1). The quantity of information is
described as bits. N states make up logN2 bits of information [5]. The simplest way to
do encode information is to use light’s amplitude. For example, if the light pulse is “dark”,
then the state is labeled 1. If the light pulse is bright, then the state is labeled 0. The use of
light’s amplitude degree of freedom to encode information is often referred to as amplitude
modulation (Fig. 4.1a). Other degrees of freedom of light can also be used, such as, light’s
polarization degree of freedom. If the light pulse’s state of polarization is horizontal, then
the state is labeled 1. If the light pulse’s state of polarization is bright, then the state is
labeled 0. The use of light’s polarization degree of freedom to encode information is often
referred to as polarization modulation (Fig. 4.1b). However, amplitude modulation, as it
was described, and polarization modulation only provide 2 possible states per pulse with
which to encode information and in turnN = 2 bits of information. In this thesis, it will be
shown that light’s space degree of freedom can be used to encode information. Specifically,
it will be shown that vector beams can be used to encode information. The use of vector
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beams to encode information is referred to here as vector beam modulation (Fig. 4.1c).
In contrast to amplitude modulation and polarization modulation, vector beam modulation
comprises N possible states per pulse. For example, when using the four vector beams
V+1,0, V+1,⇡/2, V 1,0, and V 1,⇡/2, they can be labeled 00, 11, 10, and 01, respectively,
and make up log2N = 2 = 2 bits of information.
The goal of this chapter is to show that vector beams can be used to encode informa-
tion for optical communication, i.e., vector beam modulation. First, the non-separability
of vector beams will discussed. Next, it will be shown that vector beams’ non-separability
can be exploited to encode information using conventional wave plates. Using the same
wave plates, twice as much information can be encoded as when using spatially homo-
geneous states of polarization. Then, a novel Mach-Zender interferometer that exploits
a higher-order Pancharatnam-Berry phase that can be used to decode information will be
demonstrated.
6.1 Non-separability of vector beams
Consider two quantum mechanical particles. Let’s refer to these two particles as particle
A and particle B. Each particle can be in one of two possible spin states. Let’s refer to
these two possible spin states as “up” and “down”. In quantum mechanics, the spins of two
particles can be entangled. The entangled spins can be one of four maximally entangled
states. Such state are referred to as Bell states. At the heart of quantum entanglement is
non-separability. If the spins of two particles are entangled, they can be described by an
unfactorizeable equation (Fig. 3.2). Interestingly, a vector beam can also be described by
an unfactorizable equation. In contrast to the spins of two particles, for a vector beam,
its space and polarization degrees of freedom of are non-separable. To be non-separable
means that the space and polarization degrees of freedom cannot be written as a Cartesian
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Figure 6.1: Encoding information using light (a) Amplitude modulation (b) Polarization
modulation (c) Vector beam modulation
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product [?, ?, 94, ?, ?, ?]. This can be illustrated by writing V+1,0, V+1,⇡/2, V 1,0, and
V 1,⇡/2 vector beams as:
V+1,0 = +cos( )
0B@ 1
0
1CA+ sin( )
0B@ 0
1
1CA , (6.1)
V+1,⇡/2 =   sin( )
0B@ 1
0
1CA+ cos( )
0B@ 0
1
1CA , (6.2)
V 1,0 = +cos( )
0B@ 1
0
1CA  sin( )
0B@ 0
1
1CA , (6.3)
V 1,⇡/2 = +sin( )
0B@ 1
0
1CA  cos( )
0B@ 0
1
1CA , (6.4)
(6.5)
where the space degree of freedom comprises the states cos( ) and sin( ), and the polar-
ization degree of freedom comprises the states (1 0)T and (0 1)T .
6.2 Superdense coding
If information is encoded using vector beams, each light pulse must be modulated such that
it is a desired vector beam. Here, it is shown that this can be accomplished by exploiting
the non-separability of a vector beam’s space and polarization degrees of freedom. The
term superdense is used
Consider the transformation of aV+1,0 (radially polarized) vector beam when applying
the identity (I) and three Pauli operators ( x,  y,  z) to its polarization degree of freedom.
Effectively, for its polarization degree of freedom, the identity (I) and three Pauli operators
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Figure 6.2: Encoding information using light (a) Amplitude modulation (b) Polarization
modulation (c) Vector beam modulation
( x,  y,  z) are Jones matrices given by [111, ?]:
I =
0B@ 1 0
0 1
1CA ,  1 =
0B@ 1 0
0  1
1CA ,  2 =
0B@ 0 1
1 0
1CA ,  3 =
0B@ 0  ı
ı 0
1CA . (6.6)
The transformations can be determined using a Jones matrix analysis, i.e., matrix multipli-
cation. When applying the identity (I) operator to aV+1,0 (radially polarized) vector beam,
the transformation is:
IV+1,0 =
0B@ 1 0
0 1
1CA
0B@ cos( )
sin( )
1CA =
0B@ cos( )
sin( )
1CA = V+1,0. (6.7)
When applying the first Pauli operator ( 1) to aV+1,0 (radially polarized) vector beam, the
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transformation is:
 1V+1,0 =
0B@ 1 0
0  1
1CA
0B@ cos( )
sin( )
1CA =
0B@ cos( )
  sin( )
1CA = V 1,0. (6.8)
When applying the second Pauli operator ( 2) to a V+1,0 (radially polarized) vector beam,
the transformation is:
 2V+1,0 =
0B@ 0 1
1 0
1CA
0B@ cos( )
sin( )
1CA =
0B@ sin( )
cos( )
1CA = V 1,⇡/2. (6.9)
When applying the third Pauli operator ( 3) to a V+1,0 (radially polarized) vector beam,
the transformation is:
 3V+1,0 =
0B@ 0  ı
ı 0
1CA
0B@ cos( )
sin( )
1CA = ı
0B@   sin( )
cos( )
1CA = V+1,⇡/2. (6.10)
As can be seen, when applying the identity (I) or one of three Pauli operators ( x,  y,  z)
to aV+1,0 (radially polarized) vector beam, it is transformed into one of four vector beams:
V+1,0, V+1,⇡/2, V 1,0, or V 1,⇡/2. As such, using these transformation, it is possible to
modulate a light pulse to be one of N = 4 possible states comprising log2N = 4 bits of
information.
Now, consider applying the same transformation to a horizontally polarization. Similar
to the analysis above, the transformations can be determined using a Jones matrix analysis.
When applying the identity (I) operator to horizontal polarization, the transformation is:
Ixˆ =
0B@ 1 0
0 1
1CA
0B@ 1
0
1CA =
0B@ 1
0
1CA = xˆ. (6.11)
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When applying the first Pauli operator ( 1) to horizontal polarization, the transformation
is:
 1xˆ =
0B@ 1 0
0  1
1CA
0B@ 1
0
1CA =
0B@ 1
0
1CA = xˆ. (6.12)
When applying the second Pauli operator ( 2) to horizontal polarization, the transformation
is:
 2xˆ =
0B@ 0 1
1 0
1CA
0B@ 1
0
1CA =
0B@ 0
1
1CA = yˆ. (6.13)
When applying the third Pauli operator ( 3) to horizontal polarization, the transformation
is:
 3xˆ =
0B@ 0  ı
ı 0
1CA
0B@ 1
0
1CA = ı
0B@ 0
1
1CA = yˆ. (6.14)
As can be seen, when applying the identity (I) or one of three Pauli operators ( x,  y,  z) to
horizontal polarization, it is transformed into one of two states of polarization: horizontal
(xˆ) or vertical (yˆ). Using these transformations, it is possible to modulate a light pulse to
be one of N = 2 possible states comprising log2N = 2 = 1 bit of information. There-
fore, using the same transformations, it is possible to encode twice as much information
when using aV+1,0 (radially polarized) vector beam as compared to when using horizontal
polarization.
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Figure 6.3: Comparison of vector beam shift keying and polarization shift keying. As can
be seen, vector beam sift keying can modulate twice as many bits.
6.3 Using wave plates for any unitary transformation
The identity matrix (I) and three Pauli matrices ( 1,  2,  3) are unitary matrices. It is
possible to create any unitary matrix by concatenating a quarter wave plate (QWP1), a half
wave plate (HWP), and a quarter wave plate (QWP2). The angles of rotation of their fast
axes with respect to the lab table (x-direction) are ✓QWP1, ✓HWP , and ✓QWP2, respectively
(Fig. 4.3). When the angles ✓QWP1, ✓HWP , and ✓QWP2 are made to be the combinations
shown in Table 1, it can be shown, using a Jones matrix analysis, that the corresponding
Jones matrix will be the identity and three Pauli operators given by Eq. 3 [?, 111]. I =
QWP1(0) HWP(0) QWP2(0)
0B@ 1 0
0 ı
1CA
0B@ 1 0
0  1
1CA
0B@ 1 0
0 ı
1CA =
0B@ 1 0
0 1
1CA . (6.15)
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0B@ ı 0
0 ı
1CA
0B@ 1 0
0  1
1CA
0B@ 1 0
0 ı
1CA = ı
0B@ 1 0
0  1
1CA . (6.16)
0B@ ı 0
0 ı
1CA
0B@ 0 1
1 0
1CA
0B@ 1 0
0 ı
1CA = ı
0B@ 0 1
1 0
1CA . (6.17)
0B@ ı 0
0 ı
1CA
0B@ 0 1
1 0
1CA
0B@ 1 0
0 ı
1CA =  ı
0B@ 0  ı
ı 0
1CA . (6.18)
First, a horizontally polarized fundamental mode from a single mode optical fiber was
collimated to a beam waist of ⇠ 2mm and transformed into a |+1, 0i vector beam via its
propagation through a q = +1/2 q-plate [?, ?, ?, ?]. Then, the resulting |+1, 0i vector
beam was made to propagate through conventional wave plates, i.e., the concatenation of a
quarter wave plate (QWP1), half wave plate (HWP), and a quarter wave plate (QWP2),
As a result, a |+1, 0i vector beam can be transformed into |+1, 0i, |+1, ⇡/2i, | 1, 0i
and | 1, ⇡/2i vector beams, according to Eqs. 4-7. To qualitatively assess the transforma-
tions, after applying the I ,  x,  y, and  z operators to the |+1, 0i vector beam, as described
above, the spatially varying polarizations of the resulting vector beams were experimen-
tally measured using Stokes polarimetry (Fig. 2a) [111, ?, ?, ?]. As can be seen in Figs.
2a1, 2a2, 2a3, and 2a4, the |+1, 0i vector beam was transformed into |+1, 0i, |+1, ⇡/2i,
| 1, 0i, and | 1, ⇡/2i vector beams, respectively.
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Figure 6.4: Schematic of vector beam short keying using wave plates.
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7 Mode division multiplexing using vector beams
Mode division multiplexing (MDM) is the method of optical communication where spatial
modes are used as information channels carrying independent data streams. Potentially,
MDM can be used to increase the transmission data rate of optical communication in an
amount proportional to the number of modes used. MDM has been used in optical fiber
communication [49]. Potentially, MDM can also be used in free space optical communica-
tion (FSO) [50].
Spatial modes can be represented by many bases [51]. In principle, any basis can be
used for MDM. For example, what is sometimes referred to as the basis of orbital angular
momentum (OAM)modes has been used in FSO [52]. There is also a basis referred to as the
basis of vector modes (vector beams). Vector modes have spatially inhomogeneous states
of polarization, such as, radial and azimuthal polarization. The spatially inhomogeneous
states of polarization of vector modes can be used for many applications, including optical
trapping and nanoscale imaging [84].
In this chapter, the spatially inhomogeneous states of polarization of vector modes are
used to increase the transmission data rate of FSO via MDM. A mode (de)multiplexer for
vector modes based on a liquid crystal q-plate is introduced. As a proof of principle four
vector modes each carrying a 20 Gbit/s quadrature phase shift keying signal (aggregate 80
Gbit/s) on a single wavelength channel (  ⇠1550nm) were transmitted ⇠1m over the lab
table, with <-16.4 dB mode crosstalk. Bit error rates for all vector modes were measured
at the 7% forward error correction threshold with power penalties < 3.41dB.
7.1 Mode division multiplexing
As shown in chapter 1, a vector mode is defined here as a solution to the wave equation
whose electric field is given by E(r, ) = f(r)V`, ( ) [84]. (r, ) are cylindrical coordi-
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nates and f(r) is a solution to the radial part of the wave equation, e.g., Bessel-Guassian
functions [54]. V`, ( ) is a Jones vector which describes the spatially inhomogeneous state
of polarization of a vector mode and is given byV`, ( ) =
✓
cos(` +  ) sin(` +  )
◆T
(` = 0,±1,±2, ...;   = 0, ⇡/2) [55]. For example,V+1,0 andV+1,⇡/2 are radial (Fig. 1a1)
and azimuthal (Fig. 1a2) polarization, respectively. Note, the number of vector modes that
can be used for MDM is theoretically unbounded. There are other examples of light fields
that have spatially inhomogeneous states of polarization, e.g., [118]. However, not all light
fields are solutions to the wave equation. If a light field is to be used for MDM it must be
a solution to the wave equation, i.e., its spatially inhomogeneous state of polarization must
not change as it propagates.
7.2 Mode (de)multiplexers: Passive beam (separation)combining
To use vector modes for MDM, a mode (de)multiplexer for vector modes is required. A
mode (de)multiplexer (separates) combinesN spatial modes at the (receiver) transmitter of
an optical communication system. For example, a mode (de)multiplexer for OAM modes
that has been demonstrated is based on passive beam (separation) combining [52], e.g., data
streams from N single mode optical fibers (SMFs) are transformed into N OAM modes
via N spatial light modulators (SLMs), or vice versa, and are then (separated) combined
via N   1 beam splitters. There are many methods to generate vector modes, e.g., [101,
102, 103]. Here, a liquid crystal technology referred to as a q-plate is used [60]. A q-plate
comprises a thin layer of patterned liquid crystal molecules in-between two thin glass plates
whose pattern is described by q , where q is a half-integer. q = +1/2 and q =  1/2 plates
are schematically shown in Fig. 1a3 and Fig. 1b3, respectively. Using a q = +1/2 or
q =  1/2 plate, horizontal/vertical polarization of the fundamental mode of a SMF can
be transformed into V+1,0( )/V+1,⇡/2( ) or V 1,0( )/V 1,⇡/2( ) vector modes, or vice
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versa, as schematically shown in Fig. 1a and Fig. 1b, respectively.
Two q = +1/2 and q =  1/2 plates were fabricated [61]. Using the q-plates, a mode
(de)multiplexer for vector modes based on passive beam (separation) combining was con-
structed as shown in Fig. 2. As a mode multiplexer, the fundamental modes of two SMFs
at   ⇠1550nm were collimated to beam waists of ⇠3mm using appropriate lenses (L) and
then made to propagate through the q-plates. Then, the light beams from each SMF were
aligned co-linearly via a non-polarizing beam splitter (BS). A tunable voltage was applied
over each q-plate using signal generators. The q-plates could be “turned on” and “turned
off” by controlling the voltage [107]. Each q-plate was “turned on” (⇠1.2 Volts). Each
q-plate has a ⇠-1.16dB transmission loss. V+1,0( )/V+1,⇡/2( ) andV 1,0( )/V 1,⇡/2( )
vector modes as generated using the mode (de)multiplexer are shown in Fig. 1a1/ Fig. 1a2
and Fig. 1b1/Fig. 1b2, respectively. Also shown are the intensities of each vector mode
as analyzed by a linear polarizer whose transmission axis is oriented at 0, 45, 90, and 135
degrees with respect to the lab table.
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Figure 7.1: Mode (de)multiplexer for vector modes based on passive beam (separation)
combing as describe in text. Green arrows indicates the light beam’s direction of propaga-
tion.
7.3 Data transmission experiment
Using the mode (de)multiplexer, four vector modes, each carrying a 20 Gbit/s quadrature
phase shift keyed (QPSK) signal (aggregate 80 Gbit/s) on a single wavelength channel
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Figure 7.2: Experimental setup for MDM using vector modes as described in the text.
(  ⇠1550nm) were transmitted as one light beam ⇠1m over the lab table. Note, over this
distance there is negligible atmospheric turbulence and beam divergence. The experimental
setup is shown in Fig. 2. At the transmitter a 20 Gbit/s QPSK signal, being a pseudo-
random-binary-bit-sequences of length 215   1, was generated by modulating with an I-Q
modulator the output of an external cavity laser (ECL) tuned to   ⇠ 1550nm. The signal
was then amplified by a low-noise erbium doped fiber amplifier (EDFA) and polarization
division multiplexed (PDM) via its decorrelation in two SMFs whose states of polarization
were mutually orthogonal, e.g., horizontal/vertical. The resultant PDM-QPSK signal was
mode multiplexed via its decorrelation in two more SMFs which were then connected to
the SMFs of the mode (de)multiplexer.
Due to twists and bends in the SMFs, the channels of each PDM-QPSK signal were
not necessarily horizontal and vertical polarization. While they can be aligned using a
polarization paddle controller (Pol-Con), in general, each channel is a linear combination of
horizontal and vertical polarization. Effectively, the PDM-QPSK signals were transformed
by the q-plates into a linear combination of vector modes as represented by two arbitrary
antipodal points on a higher-order Poincare` sphere [63, 108]. The channels originating
from the q = +1/2 and q =  1/2 plates are labelled Ch1/Ch2 (Fig. 1a4) and Ch3/Ch4
(Fig. 1b4). Their intensities are shown in Fig. 3a and Fig. 3b, respectively.
After transmission over the lab table, the receiver was as follows. First, the channels
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were mode demultiplexed into the two SMFs of another mode (de)multiplexer. The inten-
sities of Ch1/Ch2 and Ch3/Ch4 at the SMF corresponding to the q = +1/2 q-plate are
shown in Fig. 3c and Fig. 3d, respectively. As can be seen, Ch1/Ch2 were transformed
back into the fundamental mode of a SMF, i.e, a PDM-QPSK signal, and were coupled to
the SMF. However, Ch3/Ch4 were transformed into higher-order vector modes and were
not coupled to the SMF. The opposite is true for the q =  1/2 plate. The intensities of
Ch1/Ch2 and Ch3/Ch4 at the SMF corresponding to the q =  1/2 plate are shown in Fig.
3e and Fig. 3f, respectively. The resulting PDM-QPSK signals were then amplified by an
EDFA and aligned via a Pol-Con to a polarization diversity coherent receiver where they
were then polarization demultiplexed and coherently detected via intradyne detection. Us-
ing four balanced detectors, the analog QPSK signals were converted to digital signals and
captured at 40 GSample/s ( 20 GHz) via four digital oscilloscopes for offline digital sig-
nal processing (DSP).The captured constellations of the QPSK signals for all channels are
shown in Fig 4a. As can be seen, the constellations for each channel differ slightly. This is
attributed to mode dependent loss (MDL). MDL is most likely due to imperfectly generated
vector modes at the multiplexer, i.e., power is generated in vector modes (e.g. higher-order
vector modes) other than the ones intended. Also, MDL is most likely attributed to mis-
alignment of the transmitted light beam with respect to the q-plates of the demultiplexer
which results in a transfer of power to vector modes (e.g. higher-order vector modes) that
are not detected by the q-plates.
7.4 Mode crosstalk and Bit error rates
Mode crosstalk (MC) for each channel was measured at the mode demultiplexer by trans-
mitting one channel at a time and then measuring the power received by each of all chan-
nels. MC is defined as the transfer of power (signals) between channels. A normalized MC
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“matrix” comprising the MC measurements is shown in Fig. 4b. There is <-16.7dB MC
for any channel. The sources of MC most likely include misalignment of the lenses and
mismatch of the numerical apertures with respect to the SMFs of the demultiplexer. Also,
sources of MC are most likely similar to the sources of MDL discussed above.
For each channel and a“back to back” (B2B) channel, bit error rates (BER) were mea-
sured as a function of optical signal to noise ratio (OSNR) when all channels were si-
multaneously transmitted. The B2B channel is the original QPSK signal, transmitted and
received, when the q-plates are turned off. BER vs. OSNR curves are shown in Fig. 4c. The
performance of each channel was assessed via its power penalty (PP), i.e., the difference in
OSNR between each channel and the B2B channel at a 7% forward error correction (FEC)
threshold (BER = 3.8⇥ 10 3). The PPs for Ch1, Ch2, Ch3, and Ch4 were 0.44dB, 3,40dB,
1.46dB, 0.41dB, respectively. All channels reached a BER at the 7% FEC threshold with a
PP < 3.41dB. Differences in PPs are attributed to MC and MDL as discussed above.
In conclusion, the spatially inhomogeneous states of polarization of vector modes were
used to increase the transmission data rate of FSO via MDM. To the best of our knowledge,
this is the first time vector modes have been used in MDM. A mode (de)multiplexer for
vector modes based on a liquid crystal q-plate was introduced. As a proof of principle, four
vector modes each carrying a 20 Gbit/s quadrature phase shift keying signal (aggregate 80
Gbit/s) on a single wavelength channel (  ⇠1550nm) were transmitted ⇠1m over the lab
table, with <-16.4 dB mode crosstalk. BERs for all vector modes were measured at the
7%FEC threshold with PPs < 3.41dB.
A major challenge for using MDM in FSO is atmospheric turbulence [65]. It has been
conjectured upon propagation through atmospheric turbulence a vector mode will experi-
ence less scintillation as compared to, for example, an OAM mode [66]. The propagation
of vector modes through atmospheric turbulence is the subject of future work. The radially
dependent amplitudes of vector modes and OAM modes are expected to be comparable; it
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is anticipated that the divergence of vector modes as they propagate through atmospheric
turbulence is comparable to that of OAM modes.
When using OAM modes for MDM, the deleterious effects of atmospheric turbulence
can be compensated via wavefront measurements [67]. When using vector modes for
MDM, comparable compensation of atmospheric turbulence or light scattering may be
possible via the measurement of spatially inhomogeneous polarization [112, 110]. Also,
vector modes are the “true modes” of an optical fiber [51]. The use of the q-plate mode
(de)multiplexer for optical fiber communication is the subject of current work [113, 114].
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8 Bessel Vector Beams
A Bessel beam is a light beam that is a solution to the Helmholtz wave equation, existing
over a limited region of propagation, and experimentally generated by the interference of
conical rays [72, 73]. It possesses a property referred to as “self-healing,” i.e., its intensity
reappears after propagation through an obstruction. Self-healing can be simply understood
via geometric optics [74]. When a portion of a Bessel beam is obstructed in one plane, the
unobstructed conical rays interfere in its shadow region in another plane, as shown in Fig.
1(e). Due to this property, Bessel beams have been extensively studied and have been used
for a number of applications; for comprehensive reviews see [76, 77, 78, 75]. For example,
when using a Bessel beam for optical trapping, it is possible to simultaneously trap multiple
particles in well separated planes [79], and make particle tractor beams [80, 81, 82, 83].
A vector beam is a light beam possessing a spatially inhomogeneous state of polar-
ization such as radial or azimuthal polarization as shown in Fig. 2(b) and Fig. 2(c), re-
spectively. Vector beams have received significant interest [84, 85], due in great part to
their ability to produce stronger longitudinal field components [86, 87], and smaller spot
sizes [88], as compared to scalar light beams, upon focusing by high numerical aperture
objectives. Also, when using vector beams for optical trapping, it is possible to improve
the axial and transverse stiffness of the optical trap via radial and azimuthal polarization,
respectively [89, 90, 91]. Most recently, vector beams have been used for optical commu-
nication [92].
Like any other light beam a Bessel beam can have a scalar (spatially homogeneous)
or vector (spatially inhomogeneous) state of polarization [93, 94]. The great majority of
experimental investigations of Bessel beams concern scalar Bessel beams. Yet, a vector
Bessel beam possesses the properties of a Bessel beam and a vector beam, as described
above, and may be used in comparable applications. For example, it may be possible to im-
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prove the axial and transverse stiffness of a tractor beam when using a vector Bessel beam.
While there are extensive studies on self-healing of scalar Bessel beams, there are limited
studies on self-healing of vector Bessel beams [95, 96, 97, 98], particularly with respect
to their spatially inhomogeneous states of polarization. Previous work only measured the
propagation and self-healing of the intensities of vector Bessel beams.
In this chapter, we experimentally measured the self-healing of the spatially inhomo-
geneous states of polarization of radial and azimuthal polarized vector Bessel beams. Ra-
dial and azimuthal polarized vector Bessel beams were generated via a digital version of
Durnin’s method, using a spatial light modulator in concert with a liquid crystal q-plate.
As a proof of principle, their intensities and spatially inhomogeneous states of polariza-
tion were measured using Stokes polarimetry as they propagated through two disparate
obstructions. It was found, similar to their intensities, the spatially inhomogeneous states
of polarization of a radial and azimuthal polarized vector Bessel beams self-heal. Simi-
lar, to scalar Bessel beams, the self-healing of vector Bessel beams can be understood via
geometric optics, i.e., the interference of unobstructed conical rays in the shadow region
of the obstruction. The self-healing of vector Bessel beams may have applications in, for
example, optical trapping.
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8.1 Generating Bessel Vector Beams
A schematic of the experimental setup is shown in Fig. 1. First, a scalar Bessel beam
was generated following Durnin’s method. In Durnin’s method, an annular slit is placed in
the back focal plane of a lens and illuminated with a collimated light beam resulting in an
annular ring of light. Each point along the annular ring acts as a point source which the
lens transforms into a good approximation to a Bessel beam in its focal region [72, 73]. A
digital method of Durnin’s method was implemented [99]. An annular slit, additionally su-
perimposed with a linear grating, was created using a computer generated hologram (CGH)
displayed on a reflective phase only spatial light modulator (SLM) (HoloEye) as shown in
Fig. 1(a). A linear polarized HeNe laser beam (  ⇠ 633 nm) was spatially filtered by a
single mode optical fiber (SMF), expanded, collimated by a lens (L1), and then illuminated
the SLM. The light at the plane of the SLM was then spatially filtered by an aperture (A)
in the first diffraction order of a 4f imaging system (L2 and L3), imaged onto the back
focal plane of a 10 cm focal length lens (LB), resulting in the linear polarized annular ring
of light shown in Fig. 1(b). A good approximation to a scalar (linearly polarized) Bessel
beam was formed in the focal region of lens LB.
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Figure 8.2: Experimentally measured intensity of scalar (linearly polarized) and vector
Bessel beams.
Next, the scalar (linearly polarized) Bessel beam was converted into a vector Bessel
beam. There are many methods to generate vector beams including the use of metasurfaces
and optical fibers [100, 101, 102, 103]. Here, we use a q-plate [104]. A q-plate is a liquid
crystal technology comprising of a thin layer of liquid crystal molecules in-between two
thin glass plates. The orientation of the liquid crystal molecules is described by q , where
  is the azimuthal coordinate, and q is a half integer. A q = 1/2 q-plate is schematically
shown in Fig. 1(c). Effectively, a q-plate is a half wave plate with an azimuthally varying
fast axis that can be represented by the Jones matrix [105]:
Qˆ =
0B@ cos 2q  sin 2q 
sin 2q    cos 2q 
1CA . (8.1)
Using Jones calculus, it can be easily shown, for a q = 1/2 q-plate, horizontal (vertical)
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polarization can be converted into radial (azimuthal) polarization [106]. In general, a q-
plate converts any state of polarization on the Poincare sphere to a higher-order state of
polarization on the higher-order Poincare sphere [107, 108]. The q-plate is also “tunable”;
the amount of the incident light’s power converted to radial or azimuthal polarization is
directly controlled, i.e., tuned, via a voltage over the q-plate. For   ⇠ 633nm, when the
voltage over the q-plate is Vo ⇠5 volts, no light will be converted to radial (azimuthal)
polarization, i.e., the light remains linear polarized. When the voltage over the q-plate
is Vv ⇠2.3 volts, all of the incident light’s power will be converted to radial (azimuthal)
polarization [109, 110].
The q-plate was placed close to the back focal plane of lens LB. A linear polarizer
(Pol) was placed just before the q-plate to ensure the incident light was completely linear
polarized. A half wave plate (HWP) was used to rotate the light’s polarization horizontal
(vertical). A signal generator generating a 1kHz square wave was used to apply a voltage
over the q-plate. When the voltage was Vo, a good approximation to a scalar (linearly
polarized) Bessel beam was generated in the focal region of lens LB, as shown in Fig. 2(a).
When the voltage was Vv, and the light’s polarization was rotated horizontal (vertical), a
good approximation to a radial (azimuthal) polarized vector Bessel beam was generated in
the focal region of lens LB, as shown in Fig. 2(b) (Fig. 2(c)). A 10X microscope objective
was used to image each Bessel beam in the focal region of lens LB onto a CCD camera.
8.2 Stokes Polarimetry of Bessel Vector Beams
Stokes polarimetry was used to measure the state of polarization of each Bessel beam
[111, 112]. In Stokes polarimetry, the Stokes parameters are measured via intensity mea-
surements and used to calculate the polarization orientation and polarization ellipticity
at every spatial point of a light beam. The first three Stokes parameters are given by
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[111, 112]:
S0(r, ) = I0(r, ) + I90(r, ), (8.2)
S1(r, ) = I0(r, )  I90(r, ), (8.3)
S2(r, ) = I45(r, )  I135(r, ), (8.4)
where I0(r, ), I45(r, ), I90(r, ), and I135(r, ) are the intensity of the light beam, at
every spatial point, measured after a linear polarizer whose transmission axis is rotated 0 ,
45 , 90 , 135 , respectively. (r, ) are cylindrical coordinates. The total intensity of the
light beam is given by S0(r, ) and the orientation of the state of polarization is given by
[111, 112]:
 (r, ) =
1
2
tan 1
⇣S2(r, )
S1(r, )
⌘
. (8.5)
A linear polarizer (Pol) was placed just before the CCD camera in the experimental setup
described above. The linear polarizer was used to measure I0(r, ), I45(r, ), I90(r, ), and
I135(r, ) for each Bessel beam as shown in the respective columns of Fig. 2. While the
third Stokes parameter, S3, and therefore the polarization ellipticity, was not measured, as
shown in the experimental results, it is qualitatively enough to visualize the self-healing
of the spatially inhomogeneous state of polarization of each vector Bessel beam via the
polarization orientation.
8.3 Self-healing of Bessel Vector Beams
Finally, each Bessel beam was made to propagate through an obstruction. The results are
shown in Fig. 3. The obstruction was created by placing a pitted glass slide possess-
ing multiple, random, speckled, and opaque obstructions in the path of the Bessel beam.
The slide’s position was adjusted until an isolated and appropriately sized obstruction was
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found. The size and position of the obstruction was chosen such that it obstructed approxi-
mately a small portion of the Bessel beam near its center. The obstruction is outlined by a
dashed white line in Fig. 3. The intensities and states of polarization of each Bessel beam
were measured via Stokes polarimetry, as described above, at four propagation distances
as they propagated through the obstruction. The four propagation distances are schemati-
cally shown in Fig. 1(e): (I) unobstructed (II) obstructed (III) semi-healed (IV) self-healed.
S0(r, ) is overlaid with  (r, ) such that any change in intensity and orientation of the
state of polarization as the Bessel beam propagates through the obstruction can be visu-
alized simultaneously; S0(r, ) is encoded by relative contrast, i.e., bright to dark, and
 (r, ) is encoded by color.
The self-healing of the intensity and spatially inhomogeneous state of polarization of
the scalar (linear polarized) Bessel beam was experimentally measured as it propagated
through the obstruction. The results are shown in the first row of Fig. 3(a). As can be
seen, as the scalar Bessel beam propagated through the obstruction from (I) to (IV), its
intensity self-heals as is expected [76, 77, 78, 75]. Next, the self-healing of the intensities
and spatially inhomogeneous states of polarizations of the radialyl and azimuthally polar-
ized vector Bessel beams were experimentally measured as they propagated through the
obstruction. The results are shown in the second and third rows of Fig. 3(a), respectively.
As the radially and azimuthally polarized vector Bessel beam propagated through the ob-
struction from (I) to (IV), their intensities self-healed similar to the scalar Bessel beam. As
can be seen, similar to their intensities, the spatially inhomogeneous states of polarization
of the radially and azimuthally polarized vector Bessel beams also self-healed. This is the
salient result of this Letter. There is qualitative agreement between the spatially inhomo-
geneous states of polarization of the vector Bessel beams when they are unobstructed at (I)
and when they self-heal at (IV).
Also, the self-healing of the intensities and spatially inhomogeneous states of polar-
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ization of the radially and azimuthally polarized vector Bessel beams were experimentally
measured as they propagated through a disparate obstruction. The results are shown in Fig.
3(b). As shown in Fig. 3(b), the size and position of this obstruction was chosen such that it
obstructed a larger portion of the vector Bessel beams near their center. The obstruction is
outlined by a dashed white line. As can be seen, the intensities and the spatially inhomoge-
neous states of polarization of the radially and azimuthally polarized vector Bessel beams
again self-heal in the presence of the larger obstruction. Similar to the first obstruction,
there is qualitative agreement between the spatially inhomogeneous states of polarization
of the vector Bessel beams when they are unobstructed at (I) and when they self-heal at
(IV).
Similar, to scalar Bessel beams, the self-healing of vector Bessel beams can be under-
stood via geometric optics, i.e., the interference of conical rays in the shadow region of the
obstruction, as shown in Fig. 1(e). It is a well-known that the distance in which a Bessel
beam is able to reform is given by [74]:
zmin ⇡ ak
2kz
(8.6)
where a is the width of the obstruction and k and kz are the wave-vector and longitudinal
wave-vector, respectively. Eq. 6 illustrates that the distance in which a Bessel beam self-
heals is dependent on the size and position of the obstruction as well as the opening angle
of the cone on which the wave-vectors of the Bessel beam propagate. Here it is assumed
that the input field is larger than the obstruction.
There is a relationship between light’s space and polarization degrees of freedom when
light is scattered by an obstruction, e.g. Rayleigh or Mie particles[113]. There are compa-
rable relationships in multimode optical fiber [114, 115]. In this respect, a more detailed
theoretical analysis of self-healing of the spatially inhomogeneous states of polarization of
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Figure 8.3: Experimentally measured intensities and spatially inhomogeneous states of po-
larization of scalar (linearly polarized) and vector Bessel beams as they propagated through
two different obstructions at four different propagation distances. The obstruction is out-
lined by a white dashed line.
radially and azimuthally polarized vector Bessel beams, analogous to that of scalar Bessel
beams [74], is the subject of future work. Nonetheless, as vector Bessel beams possess the
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properties of Bessel beams and a vector beams, they may have applications in, for exam-
ple, optical trapping, where self-healing and “vectorness” are both needed, e.g. it may be
possible to the improve the axial and transverse stiffness of a tractor beam when using a
vector Bessel beam.
In conclusion, we experimentally measured the self-healing of the spatially inhomo-
geneous states of polarization of radially and azimuthally polarized vector Bessel beams.
Radially and azimuthally polarized vector Bessel beams were generated via a digital ver-
sion of Durnins method, using an SLM in concert with a liquid crystal q-plate. As a proof
of principle, their intensities and spatially inhomogeneous states of polarization were mea-
sured using Stokes polarimetry as they propagated through two disparate obstructions. It
was found, similar to their intensities, the spatially inhomogeneous states of polarization of
a radially and azimuthally polarized vector Bessel beams self-heal. Similar, to scalar Bessel
beams, the self-healing of vector Bessel beams can be understood via geometric optics, i.e.,
the interference of conical rays in the shadow region of the obstruction. The self-healing
of vector Bessel beams may have applications in, for example, optical trapping.
While there are extensive studies on self-healing of scalar Bessel beams[76, 77, 78, 75],
there are limited studies on self-healing of vector Bessel beams [95, 96, 97, 98], particularly
with respect to their spatially inhomogeneous states of polarization. Previous work only
measured the propagation and self-healing of the intensities of vector Bessel beams. To our
knowledge, this is the first experimental measurement of the self-healing of the spatially
inhomogeneous states of polarization of radially and azimuthally polarized vector Bessel
beams. Future work includes experimentally measuring the self-healing of the spatially
inhomogeneous states of polarization of other types of vector Bessel beams such as Full
Poincare beams [116]. In contrast to radially and azimuthally polarized light beams, Full
Poincare beams experience non-trivial dynamics as they propagate [117, 118].
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9 Future Work and Conclusions
In Chapters 1 and 2, it was shown that Laguerre-Gaussian modes and cylindrical vector
beams are inherently connected. The connection was illustrated by their representation on
what is referred to as a higher-order Poincare sphere. In analogy to the representation of
linear and circular polarizations on the well-known Poincare sphere, on the higher-order
Poincare sphere, radially and azimuthally polarized cylindrical vector beams are repre-
sented by points on the equator, and orthogonal circularly polarized Laguerre-Gaussian
modes whose azimuthally varying phases have opposite handedness are represented by
North and South poles.
In Chapter 3, it was shown that vector beam can be generated using an optical element
referred to as a q-plate inside. Using the q-plate, any state of polarization on the well-
known Poincare sphere could be converted into any Laguerre-Gaussian mode or cylindrical
vector beam on the higher-order Poincare sphere, effectively breaking the spatial modes
degeneracy. A vector beam decomposition was developed to quantify the purity of the
vector beam generation.
In chapters 4 and 5, it was shown that vector beams can be used for optical commu-
nication, i.e., they can be used to encode or carry that information. It was shown that the
non-separability of vector beams can be exploited to encode twice as much information as
would be possible using regular polarization. Additionally, it was shown that vector beams
could be used for mode division multiplexing. Four vector beams were transmitted together
to multiplex information transmission four times.
In chapter 6, it will was shown that vector Bessel beams can be generated by combining
liquid crystal q-plates with ”Durnin’s” ring method. Similar to scalar Bessel beams, it was
shown that the spatially inhomogeneous states of polarization of vector Bessel beams can
self-heal after they are obstructed. The polarization of vector Bessel beams were measured
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using Stokes polarimetry before and after they were obstructed. It was experimentally
verified that their spatially inhomogeneous states of polarization can self-heal.
A major challenge for usingMDM in FSO is atmospheric turbulence It has been conjec-
tured upon propagation through atmospheric turbulence a vector mode will experience less
scintillation as compared to, for example, an OAMmode. The propagation of vector modes
through atmospheric turbulence is the subject of future work. The radially dependent am-
plitudes of vector modes and OAM modes are expected to be comparable; it is anticipated
that the divergence of vector modes as they propagate through atmospheric turbulence is
comparable to that of OAM modes.
There is a relationship between light’s space and polarization degrees of freedom when
light is scattered by an obstruction, e.g. Rayleigh or Mie particles. There are compara-
ble relationships in multimode optical fiber. In this respect, a more detailed theoretical
analysis of self-healing of the spatially inhomogeneous states of polarization of radially
and azimuthally polarized vector Bessel beams, analogous to that of scalar Bessel beams
is the subject of future work. Nonetheless, as vector Bessel beams possess the properties
of Bessel beams and a vector beams, they may have applications in, for example, optical
trapping, where self-healing and “vectorness” are both needed, e.g. it may be possible to
the improve the axial and transverse stiffness of a tractor beam when using a vector Bessel
beams.
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